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ABSTRACT

Image segmentation is the process of partitioning an image into a set of distinct regions. Some of its
practical applications are in medical image processing, facial and fingerprint recognition, object detection,
and more. During image acquisition or transmission, the images may be corrupted by noise which affects the
accuracy of segmentation applications. In this paper, we present a modified version of the Chan-Vese model
for segmenting images with Gaussian noise. The modification is mainly a change on the total variation (TV)
term of the discretized Chan-Vese model where we considered the use of a nonconvex TV - type norm where
q e(O,l). To solve both global and local regularized versions of the proposed model, we used a steepest
descent method. Numerical results are provided in this paper to show the efficiency of the proposed model in

segmenting noisy images.

INTRODUCTION

The presence of noise in images is unavoidable
during the process of acquisition and transmission.
Some of the noise models are Gaussian noise, white
noise, impulse (or salt-and-pepper) noise, photon
noise and speckle noise. These types of noise
affect the quality of an image as noise produces
undesirable effects such as artifacts, unrealistic
edges, unseen lines, corners, blurred objects and
disturbs background scenes (Boyat and Joshi 2015).
Also, noise affects the accuracy of image processing
applications including image segmentation.

Image segmentation is a fundamental task
in image analysis, computer vision and pattern
recognition. It is also known as object or edge
detection which aims to partition a given image into
a set of distinct regions. The partitioning of the image
uses information on the boundaries between objects,
edges within objects, variations in intensity, etc.

Kass et al. (1988) introduced one of the early
methods for object detection called the active contour
model. This method, also known as the Snakes
model, solves image segmentation by detecting
edges or pixels between different regions that have
rapid transition in intensity. However, this method
cannot follow topological changes of objects. The
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contours cannot split or merge automatically making
the boundaries of two or more close objects hard to
recognize. The Snakes model is also sensitive to
initialization. It requires placing the initial curve near
the boundary of the desired object since the model
is nonconvex and numerical methods often converge
to local minimum energy. Another drawback of the
Snakes model is its inability to detect objects without
sharp edges or with very smooth boundaries.

To solve the difficulty of the Snakes model in
handling changes in topology of the active contour,
Chan and Vese (2001) developed a different active
contour model which is not based on the gradient
of the image u, for the stopping criteria but on the
Mumford and Shah (1989) segmentation technique.
Chan and Vese used the level set method introduced
by Osher and Sethian (1988). Cohen (2011) and
Getreuer (2012) used iterative methods, such as
the steepest descent and Gauss-Seidel methods, to
implement the Chan-Vese algorithm where a global
regularizing parameter or a smoothing constant is
used. However, this parameter is not selective as to
whether smoothing at a pixel is necessary.

In 2007, Chartrand introduced an alternative
computation for the segmentation length using the
[7-norm. In this paper, we present an extension
of the study on a regularized nonconvex model for
segmentation of noise-free images by Sy Piecco and
Neri (2018). In particular, we propose a model that
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is a variant of the Chan-Vese model where the total
variation (TV) term of the discretized original model
is approximated by a nonconvex TV?- type norm

defined by
q
by =1L 0
q

where |v| = /v +v} and ¢ €(0,1).

Chartrand and Staneva (2007) made use of (1)
in segmenting binary images by modifying the total
variation term in the Rudin-Osher-Fatemi model to
obtain

1 q /1 2
F (u)==[|Vu| +Z(lu-al -
=Lt 4 -

Our goal in this paper is to apply the proposed model,
which we call the TV?model, globally and locally
regularized, in segmenting images with Gaussian
noise and study how noise affects the performance of
the model. The Gaussian noise is considered in this
paper since it is the most common noise that comes
from natural sources such as the thermal vibrations
of atoms in antennas and black body radiation from
warm objects (Dougherty 2010). It was also stated by
Dougherty that being Gaussian refers to the way gray
values are distributed. The Gaussian noise model
has a probability density function, or normalized
histogram, given by

1
P(a)= 270 ¢

where a is the gray value, u is the average gray value
and o is its standard deviation. In this noise model,
the mean of each pixel of an image is zero.

The rest of the paper is organized as follows.
In the next section, we briefly review the reference
models and introduce our proposed model. We then
provide numerical results and a discussion thereof to
verify the efficiency of our model to segment images
with Gaussian noise in the third section. The paper
ends with some recommended extensions of this
research.

MATERIALS AND METHODS
Mumford-Shah Model

Mumford and Shah (1989) formulated a
segmentation problem, which involves computing

a decomposition Q=0Q, UQ,U---UQ UC of the
domain of the given image u,such that u, varies
smoothly or slowly within each €, and u, varies
discontinuously or rapidly across most of the boundary
C between different Q. subdomains. The Mumford and
Shah segmentation model is:

Fys (u,C) = pLength(C)+ ljg(uo (x) —u(x))2 dx+ J‘Q\C‘Vu(x)‘z dx,

where the first term assumes that the boundaries
C be as short as possible. The second term requires
that u approximates u,. The third term imposes that
u does not vary very much on each Q.. Minimizing the
functional F, over u and C will solve the Mumford-
Shah problem. The smaller the F,q is, the better (u,C)
segments u,.

In minimizing F,;(u,C), there were inherent
challenges suchasthefunctional F, (u,C) isnonconvex
and may have numerous local minima. Another difficulty
is that F,,s (u,C) involves two unknowns u and C of
different natures: u is a function in an N-dimensional
space while C'is an (N —1)-dimensional set.

Mumford-Shah Piecewise Constant Model

To simplify the computation of the general model in
(2), Mumford and Shah (1989) considered a nonconvex
piecewise-constant formulation. In this formulation, u is
required to be constant on each connected component
of Q\ C. The smoothness term in (2) imposed on Q\C
vanishes since constant functions have a gradient of
zero. Thus, the Mumford-Shah functional F,,; simplifies
to

Fospe (,C) = puLength(C)+ A[_(uy (x)—u(x)) ax.

Inthis case, C isnecessarily the boundary of a closed
set, i.e., Cis composed of closed curves. Mumford
and Shah (1989) provided a proof for the existence of
minimizer of the functional in (3). A constructive proof
was also given by Morel and Solimini (1988).

Chan-Vese Model

Chan and Vese (2001) formulated a model based
on the piecewise constant model of Mumford and Shah.
They added a term in (3) which penalizes the enclosed
area of C and further simplified u such that it is allowed
to have only two values, i.e.,

{cl, if x is inside C,
u(x)=

c,, if x is outside C.

(2)

(3)
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The Chan-Vese model uses information on
regions of the image (inside C and outside C) to
detect object boundaries instead of sharp gradients
used in the Snakes model.

Chan and Vese introduced

minimization problem:

the following

min  F(c,c,,C)= yLength(C)+vArea(in(C))

¢.02.C
+ 4 J (uo( C1 dx+ﬂ7 j uy(x
in(C) out(C)

¢, )2 dx,

(4)

where ¢ =average(u,) inside C and ¢, = average(u, ) outside C.

In problem (4), x>0, v=0, and A4,4,>0
are fixed parameters. The parameter 1z is a scaling
parameter for the length of the curve. The smaller the
1 is, the more the length of the curve can increase
without penalizing the minimization. This allows the
Chan-Vese model to detect all or as many objects as
possible and of any size. If only larger objects are to
be detected, then u has to be larger. In this case,
there is a limit for the curve to increase in length.
The parameter v is also a scaling factor for the area
of the curve. However, in the original work of Chan
and Vese it is always set to 0. The last two terms in
problem (4) are fitting terms which guide the curve to
the object boundaries, where 4, and 4, are weighting
parameters for the forces inside and outside the curve
C, respectively. The authors set A4, = A, =1in all their
numerical experiments to give equal weights to both
forces. However, it is not necessary for 4, and A, to
be set to 1 all the time. Varying the values of these
weighting parameters controls how much detail is
detected inside and outside the curve C, respectively.
A smaller weight for either A, or A, would ignore
some of the variation in intensities in this area. A
larger weight means magnifying the difference in
intensities in that area which allows for the detection
of finer details.

The term Length(C) could be rewritten more
generally as (Length(C))qfor g=>1, but usually
g =1(Chan and Vese 2001).

Problem (4) requires minimizing F over all set
boundaries C . Instead of searching for the solution
in terms of C, the problem can be redefined using the
level set technique introduced by Osher and Sethian
(1988). In this approach, C is represented by the
zero level set of a function ¢: €2 — [R, such that

C= {er ¢ },
in(C)={xeQ: ¢ x)>0},
out(C) {er ¢ <0}
The main advantage of the level set method
is its ability to handle topological changes of

contour. The merging and breaking of evolving
contour are done automatically.

To express the minimization problem (4)
in terms of the level set function ¢, Chan and
Vese used the Heaviside function H , and the
one-dimensional Dirac measure ¢,, which are
defined, respectively, by

d

{1 if z20 gnd 50(2):—H(Z)

H =
(2)=10 it z<0 dz

The length term can be expressed as the total
variation of H(¢) Thus,

¢(x))| dx :I5(¢(x))|v¢(x)| dx

Q

Length(C) = ”VH(
Q

The Heaviside function is positive inside the
curve and zero elsewhere, so the area of the
region is

Area(in(C)) = IH(¢(X)) dx

The fitting terms can also be expressed into
the following equations so that they are defined
over the entire domain Q rather than separated
into subdomains in(C) and out(C):

J o (5= = flug (1) =ei[ 21 (9 ()

$>0

E

$<0

cz|2 (1 —H(¢(x)))dx.

)—cz|2 dx=£|u0(x)

Thus, the Chan-Vese minimization model can
be equivalently rewritten in terms of the level set
function ¢ as

c,m}% F(cl,cz,qﬁ), (5)

where
F(c,c,,0)= ,u_[ﬁ

+4 J.(uo (x)

‘V¢ ‘d‘c+v'[H dx

) H( d‘c+ﬂ,2J. 1y (x) (1 H(¢( )))dx.
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Keeping ¢ fixed and minimizing the functional in
(5) with respect to ¢, and ¢,, the constant functions
of ¢ can be easily estimated by

juo (x)H(¢(x))dx

¢ (¢)=2 £H(¢(x))dx , (6)
Ji () (1= (82
O e

In the computation of the associated Euler-
Lagrange equation for the unknown function ¢
Chan and Vese considered regularized versions
of H and J,, denoted by H, and O, , such that
5, (x)=H'(x). In their experiments, the following

&

regularized versions of H and J, are used:

and 55(2)21 d

1 1
H, (z) :E+—arctan(£j -
£ TE+Z

T

Both approximations converge to H and 50as
£—>0. H (z) and &,(z) are substituted for H
and 50, respectively, in I to get the regularized
functional F, (¢;,c,,¢) (Chan and Vese 2001).

In minimizing F, (c,, ¢,,¢) with respect to ¢ and
keeping ¢, and c,fixed, the Euler-Lagrange system
for ¢ is

Vg

5.(9)| —u divw+v+]1(u07c1)2712(u0702)2 =0, inQ
S aif:o, on 0Q),
|Vg| o7

where 7 denotes the exterior normal to the

boundary 6Q and g—f} denotes the normal derivative
n

of ¢ at the boundary. A solution @ is a stationary
point if it satisfies (8).

For numerical purposes, the continuous image is

discretized into an nxn image. A discrete form of the
F, model is

F,(c,c.9) yZE(,/)‘Vﬁ/H/ZHE(,/)
(i.j)eQ (i./)eQ
+4 zﬂ‘uo_cl‘ H, ( :/)+12 zg‘uo_‘z‘ (1 He( ,/))
(i.j)e (i.))e

(9)

TV? Model

In this subsection, we formulate our proposed
nonconvex model to segment images with
Gaussian noise. The proposed model is a variant
of the Chan-Vese segmentation model where the
modification is mainly a change on the total variation
term of the discretized £, model. We approximate
the term >_|V¢| by a TV 7- type norm defined as

N
pr -3t
where |v|=/vi+v. and ge(0,1).

We modify the Chan-Vese model by the
following 7V 7 model:

(10)

,(c.6.0) ;125( )‘¢‘+VZH( )
+/Lz‘uo—c,‘H( )+Lz‘u0—c2‘ (1 H(¢ ))

(11)

In the original work of Chan and
Vese (2001), it was mentioned that the
term Length(C)= Y. &, (¢,-.,,~)|V¢f,,-| in

(l',/')eQ
(9) could be rewritten more generally as
(Length(C))q ¢,,)|V¢u|)q for g>1,

= > (o
(i.7)eQ
but usually ¢ =1. In our proposed TV % model, we

i,j)e

explore the use of g € (0,1) instead.

Chartrand and Staneva (2007) has shown that
the TV?- type norm regularization gives better
gradient sparsity and edge preservation when
compared to /, —norm regularization. In addition,
it is more robust with respect to noise.

Globally regularized TV ? model

The functional F, s differentiable but
nonconvex. Minimizing (11) with respect to ¢, the
associated Euler-Lagrange equation for a
stationary point ¢ is

5, (¢)|:—/1 Vg™ div%+v+il(uo —,) — 2 (u, —cz)z}o. (12)

To handle the non-differentiability of the
term |V4|, we introduce a global parameter 7.
A steepest descent method is then developed to
minimize F, , with the update solution scheme, for
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i,j=12,...,N—1, given by

b5 ){ W](an,wvm,}

At JD, JD,
=2, (g, = (4,)) (oo, e (42))' |

(13)

where

Vi) ()

(vigr ) NI y o
hZ (2h)2

+n.
” @y

D‘_:( +n°, D, =

Simplifying (13) and solving for ¢"” we get

o, +uses, (¢, )Ve G+ g
1+yAt5( ) CH+C+C+C)

n+l __
i,

(14)

where

C, =C¢", . +C,9", +C¢j+1+C4¢”1,

g =00, (91 v 10, =, () 4 s, s (01)) |

i+l,j

1 1

J(ﬁil‘,—w,) ) J(«é’.’,ﬁ\./) )

7 (2n)’

1 1

\/(«zm,,—«z"l‘j) L) (=), (-0 o

(20) R TS G

Locally regularized TV? model

Consider the following associated Huberized
functional of (11):

v([ve.|)
E, 2 g, H.\4,
(e = (;Q (o) q +V(,,Z)En (4.) (15)

+}“12‘“0 CI‘H( )+/122‘“0 02‘ (] H( ))

z]e() (i./)eQ

where

1 .
|s|—§7/, if |s| >y
v(s)= (16)

1, .
— |s otherwise.
2y

b

Formulating the Euler-Lagrange system of

equations for F,

{5; @)~ v (o) divp vz -a) 4 (u-c) |

max(‘Vfgﬁ‘,y)p =V

¢,

£.4,7

where p=y'(V4).

To minimize Fg,w,

we have

"o

the steepest descent

method is used with update solution scheme,

fori,j=12,...,

L TPy )[ﬂ v(ive)” [

N —1, given by

Vi,

max(\/— ;/)

=, =6 9] <o e 92 ]

Simplifying (18) and solving for ¢

n+l _

|_¢1,
(2r)

2
1,

D, =

(v;ﬁ/ ) i (@tlﬁf _¢:1J) 2

i

n+l

h? (2h)2

¢+ s, (¢, )v (IV¢|) Co+e

+n°.

, we get

iLj

where

C,=Cé

i+l,j

+C,¢",

g=A5, (¢ )[v A (o,

e, (9, o (V)

S +Ca!

C+C+C+C)

+C,¢"

LJ+1

=12

“a o))+, s o0) |

1
C] = B 2 s
max (¢i+l,»/‘ :ﬁ,) + (¢i,l/+l B ¢£/*1)
h (2h)
C, =
max ¢ ¢1, /l/+l ¢l/l)
(2
C, = >
max \/ oy~ ¢"j+1hz % ) 5
C, = :
max \/ (W= 1”1 j— l (¢i’f/ _h?:/l) ,
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RESULTS

The numerical codes were run in MATLAB in
a computer with 2.40 GHz Intel Core i5 processor
and 8GB memory. In all our experiments, we set
namely, «=0.5,
v=0, A4=1L4,=1At=0.1, ¢=1,h=1, and
max iter =400 . The methods terminate when the
iteration limit, max iter , is reached. For each test
image used, a certain level of Gaussian noise is
added.

the same parameter values,

To evaluate which model gave better
segmentation, we used the objective function value
F_ as a benchmark to compare the results. We
determined first the minimum objective value for each

regularized model and then compared the results of
the two models.

Figure 1(a) shows our first test image which
contains three objects or shapes with different grey
levels. In (b), the image has 18% Gaussian noise
added to the original image. The initial state of the
curve is a circle at the center of the given image, as
shown in Figure 1(c).

The globally regularized T7V? model was
implemented with parameter 7=10" for different
q — values between 0 and 1. A sample graph of the
objective function values for each iteration is shown in
Figure 2. This graph is a representative of plots of the
other models. The value of F,(c,,c,,$) is generally
decreasing up to some iterations; however, it does

A

3

(a) Original image

(b) Original image

(c) Initial Curve

with 18% Gaussian

noise
Figure 1: Test image 1

10.5 —

Objective Function Value

0 50 100 150 200

250 300 350 400 450

No. of lterations

Figure 2: Globally regularized TV 7 model, ¢ =0.1
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not monotonically decrease. The zigzag pattern of the
objective function is due to the fixed step size used.

In Figures 3 and 4, the piecewise constant
approximations of the final state of the evolving
curve of the given image are presented. Both
globally and locally regularized TVY models for
q=0.1, 0.25, 0.5, 0.75 successfully detected the
objects in the test image with 18% Gaussian noise.
Also, it can be observed that not a single noise pixel
was detected by the evolving curve for the given
g-values.

n
A

(b) g=0.25

(a)g=01

A

(c)g=0.5

(d) ¢=0.75

Figure 3: Globally regularized TV “model results on test
image 1

For each ¢, the minimum objective function
value F, was computed to compare the results of
the models. Since the graph of the objective function
values as shown in Figure 2 is not monotonically
decreasing, we determined the least function value
after the given iteration limit of 400 was reached.

Table 1 shows the number of iterations where the
best function value was obtained using the solutions
of the globally and locally regularized models. Note
that if ¢=1, the TV ?model reduces to Chan-Vese
model. We can observe that the models return their
best solutions within 115 to 388 iterations.

In Table 2, a comparison of the function values
of the regularized Chan-Vese and TV? models with
respect to the objective function value F, is shown.
Observe that the TV ¥ model, both globally and locally
regularized, obtained smaller function values most of
the time than the Chan-Vese model. Specifically, the
globally regularized 7V ?model, with = 0.5 provided
the least function value.

The proposed models were also tested on an
image with a higher noise level. For the numerical
implementation of the models, we set 7=y =10". We

N n
A

(a) g=01

(b) ¢ = 0.25

(c)g=05 (d) ¢=0.75

Figure 4: Locally regularized TV? model results on test
image 1

added 50% Gaussian noise to our first test image
as shown in Figure 5(b).

In Figure 5(c) and (d), we show representatives
of the results of both regularized versions of the
TV model for ¢ =0.25. Both models were able
to recognize the boundaries of the objects in the
noisy test image. However, some of the noisy pixels
were also detected. This happened because their
high gradient values were mistaken to be part of
the objects to be segmented, or the noisy pixels’
intensities are practically the same as the intensities
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of the object boundaries.

The associated minimum objective function
values F, are presented in Table 3 for each g -
value. For both global and local regularized versions,
the solutions of the TV ¥ model generated most of
the time smaller F_ values than the Chan-Vese’s
solutions. For this test image, the globally regularized
TV ¥ model, with ¢ = 0.25, obtained the least objective

function value.

Our next test image in Figure 6(a) is a 256 x256
MRI image of a human ankle. In (b), the image has
20% Gaussian noise added to the original image. As
shown in Figure 6(c) and (d), the representatives of
the results of both globally and locally regularized
TVimodels for ¢=0.5 gave clean piecewise
constant approximations of the given image.

Table 1: Number of iterations to reach best function value using the solutions of the globally and locally

regularized models

q - values

Number of Iterations

Globally Regularization

Locally Regularization

0.1 212
. 194
(17 model) 1% ?
05 208
0.75 388

(CV model) 1

229
287
328
294

262

Table 2: Comparison of the models in terms of objective function value using test image 1

q - values Objective Function Values, 7=10"°
Globally Regularization Locally Regularization
0.1 8.2066%10’ 8.1914x10’
(V¥ model) 0.25 8.2119x10’ 8.1681x10’
0.5 8.1466x10’ 8.2371x10’
0.75 8.2123x10’ 8.2175x10’
(CV model) 1 8.2282x10’ 8.2128x10’
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A

(a) Original image (b) Original image with (b) Original image with
50% Gaussian noise 20% Gaussian noise

(c) Globally regularized TV  (d) Locally regularized 7V ¢ (c) Globally regularized TV (d) Locally regularized 7'V ¢
model, ¢ =0.25 model,q = 0.25 model, 4= 0.5 model, ¢ = 0.5
Figure 5: Results on test image 2 Figure 6: Results on test image 3

Table 3: Comparison of the models in terms of objective function value using test image 2

q - values Global Regularization Local Regularization
0.1 2.3036x10° 2.3026x10°
, 0.25 2.2960x10° 2.2982x10°
|
(V" model) 1 5 2.3060x10° 2.3061x10°
0.75 2.3012x10° 2.2994x10°

(CV model) 1 2.3017x10° 2.3028 x10°
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The associated minimum objective function
values F, are presented in Table 4 for each ¢ -
value. For this test image, the globally regularized
TV model with ¢ =0.25 obtained the least objective
function value.

In Figure 7(b), we added 50% Gaussian noise
to our second test image. The piecewise constant

approximations of the given image for both globally
and locally regularized TV ?models for ¢ =0.75 are
presented in Figure 7(c) and (d). Although the TV*
models were successful in detecting the boundaries
of the objects in the noisy test image, the evolving
curve also recognized some of the noisy pixels.

The associated minimum objective function

Table 4: Comparison of the models in terms of objective function value using test image 3

Global Regularization

Local Regularization

q - values
0.1 1.0561x10° 1.0549x10°
(TV* model) 0.25 1.0541x10° 1.0559x10"
0.5 1.0562x10° 1.0553x10°
0.75 1.0551x10° 1.0565x10°
(CV model) 1 1.0553x10° 1.0559x10°

(c) Globally regularized TV*

model, g =0.75

(b) Original image with
50% Gaussian noise

(c) Locally regularized TV

model, ¢ = 0.75

Figure 7: Results on test image 4
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Table 5: Comparison of the models in terms of objective function value using test image 4

Global Regularization

q - values Local Regularization
0.1 2.4235%10" 2.4267 x10®
0.25 2.4265%10" 2.4281x10°
(TV? model)
0.5 2.4246x10° 2.4254%10°
0.75 2.4254x10° 2.4265x10°
(CV model) 1 2.4290x10° 2.4293x10°

values F, are presented in Table 5 for each ¢ -
value. For both global and local regularized versions,
the objective function values obtained using the
solutions of the TV ?model were all smaller than
the function values obtained using the Chan-Vese’s
solutions. The globally regularized TV ?model with
q = 0.1 obtained the least objective function value.

DISCUSSION

We have seen from the numerical results the
efficiency of the TV ?model, globally or locally
regularized, to detect the boundaries of the objects in
noisy images. We used the objective function value
as a benchmark to compare the results and evaluate
which model (including the Chan-Vese model) gave
the minimum function value. In the first test image
which contains three shapes with different grey levels,
we added 18% Gaussian noise. For this test image,
the globally regularized TV ?model with ¢=0.5
provided the least objective function value. With 20%
Gaussian noise added to the MRI image, the globally
regularized TV % model with ¢ = 0.10obtained the least
objective function value.

In addition, we examined the TV? model
on an image with a higher Gaussian noise level.
However, the proposed model did not perform well
in segmenting the first and second test images with
50% noise level since some of the noisy pixels were
mistaken to be part of the objects to be detected. But
in terms of the objective function values, the globally
regularized TV ?model with ¢=0.25 and ¢=0.1
provided the least function values in the first and
second test images, respectively.

From the results presented in the previous

section, it can be concluded that for the test problems,
using the given values of ¢ =0.1, 0.25, 0.5, 0.75, the
solutions of the TV % model, either globally or locally
regularized, are comparable, if not better, than that of
the regularized Chan-Vese model with respect to the
objective function value.

CONCLUSION AND RECOMMENDATIONS

In this paper, we presented a nonconvex
variation model for image segmentation, with a
classical gradient method to solve it. In the presence
of low-level Gaussian noise, the model was effective
in reconstructing the boundaries of test images.
However, with higher noise degradation, some
boundary points were no longer clearly distinguished.
Thence, a possible extension of the study would be to
apply pre-processing noise filters.

The efficiency of the TV? model was based
on the objective function of the original (Chan-
Vese) model. The numerical computations on
the nonconvex model yielded improved solutions
although at possibly longer computational time. The
current additional computational burden, as far as
the test examples are concerned, should serve as no
deterrent towards further refinements of the model.
Performance analysis on the model and determination
of the best method to use on it will be the subject of
future studies. Right now, the numerical results are
constrained by the choice of parameter values and
the efficiency of the solution method.

The paper aims to only show that the nonconvex
model, with regularization, can also be applied
successfully to segment noisy images. The slight
edge of the nonconvex model over the original in the
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numerical examples is incidental. The better features
of the TV? term, such as better gradient sparsity
and edge preservation, need to be further examined
in this imaging application to identify their practical
implications.

Finally, there is the open study of determining
what parameter conditions or types of images,
possibly degraded, would make the TV? model the
better fit than the Chan-Vese model.
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